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A graph is said to realize a sequence of positive integers if the set of vertex 
incidence numbers of the graph equals the given sequence. The class of regular 
sequences which have a planar realization is completely determined. 
I. INTRODUCTION 
In this paper only simple graphs (graphs without loops and multiple 
edges) will be considered. For basic definitions see Ore [5]. It is of interest 
to determine whether or not a sequence of integers (with a positive sum) 
can be realized as the local degrees (vertex incidences) of a planar graph. 
This problem is solved for the case of regular sequences. 
From Euler’s polyhedra formula it can be shown that E >, 3V - 6 for 
any planar graph. Hakimi [3] asked if a somewhat stronger condition, 
which is necessary for an incidence sequence to be planar, might not also 
be sufficient. It is shown here that not even this stronger condition is 
sufficient. 
II. DEFINITIONS 
An incidence sequence T = (al ,..,, a,) is a non-increasing sequence of 
positive integers with an even sum. A linear graph G is said to be a realiza- 
tion of z if the vertices of G can be labeled so that the local degree (or 
incidence) of the i-th vertex equals ai (i = l,...,p). A simple realization 
of r is a realization without loops and/or multiple edges. Z- is said to be 
simple if it has a simple realization. If rr has a simple planar (simple 
connected) realization, n is called planar (connected). If a realization of 7r 
is regular (of degree k) then 7r is said to be regular (of degree k). Hence 
* From a dissertation under the direction of Dr. Martin Pearl, to be submitted to the 
Graduate School, University of Maryland, in partial fulfillment of the requirements 
of the Ph. D. degree. 
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every regular incidence sequence of degree k equals (k,..., k) (p-terms) 
for some p. Such a sequence will be denoted as p(k). By Havel’s algorithm 
(see [4]), p(k) is simple if and only if p 3 k + 1. 
III. REGULAR INCIDENCE SEQUENCE 
We wish to determine which incidence sequences are planar. The 
following lemma has been proved by Hakimi (see [2]) without the planarity 
conditions. However, the construction used preserves the planarity. 
LEMMA 1. If r = (al ,..., a,) is a planar incidence sequence and 
cr=, ai > 2(p - I), then VT has a simple connected planar realization. 
COROLLARY I. If n(k) and m(k) are planar incidence sequences and 
k 3 2, then (n + m)(k) has a simple connected planar realization. 
THEOREM 1. If 7 = n(k), (k < 2), or 7~ = 2n(3), (n > 2), then 7r is 
planar. 
Proof. If n = n(k), k < 2, is a simple incidence sequence, then 7r is 
planar since every non-planar graph has a vertex of incidence three or 
greater. 
For n = 2n(3) and n > 2 then Z- is a simple incidence sequence. If n = 2, 
the complete graph on four vertices gives a planar realization. If n = 3, 
the hexagon with one “long” diagonal and two “short” diagonals gives 
a planar realization. Since any integer n 3 4 can be written as a sum of 2’s 
and 3’s, 2n(3) is planar and simple for all n 3 2. 
The following application of Euler’s formula for polyhedra will be 
useful in determining the non-planarity of certain regular incidence 
sequences. 
CRITERION 1. Let VT = (a, ,..., a,) be a simple incidence sequence. If T 
is pianar then there exists no I C (1 ,.. ., p> = S with 1 I 1 >, 2 such that 
(I II is the cardinality of I). Criterion 1 follows from applying Euler’s 
formula to the subgraph consisting of edges (vi , vi) for i, j, in I. 
Applying Criterion 1 to 5(4), the smallest simple regular incidence 
sequence of degree four, with I = (1, 2,..., 5) gives 20 > 18. Hence 5(4) 
has no simple planar realization and so is non-planar. 
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1.6 
The l-skeleton of the regular octahedron gives a planar realization of 
6(4). Planar realization of n(4), n = 8, 9, 10, 11, and 13 are given in 
Figure 1. Since any IZ > 8 can be expressed as (possibly repeated) the 
sum of 6, 8, 10, 11, and 13, n(4) is planar for it > 8 (by Corollary 1). 
However, we shall show after several lemmas that 7(4) is non-planar. 
LEMMA 2. Zf 7(4) is planar, then any simple connectedplanar realization 
of it divides the plane into one 4-sided and eight 3-sided regions. 
Proof. Clearly if 7(4) has a simple planar realization then it has a 
connected simple planar realization, say G. The nullity of G is eight and 
hence G when embedded in the plane divides the plane into nine distinct 
regions, eight bounded and one unbounded, such that each edge of G 
borders exactly two regions. If Ni is the number of regions of G with i 
edges then 
The only solution to these equations is N3 = 8, N4 = 1, and Nj = 0, 
j > 5. 
LEMMA 3. Suppose that 7(4) has a planar realization G. Further suppose 
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that G is so embedded in the plane that the four-sided region R = (a, b, c, d, a) 
is the unbounded region. Then neither (a, c) nor (b, d) can be edges of G. 
Proof. Suppose that (a, c) is an edge of G. The remaining three 
vertices (say e, .f, and g) must be interior to regions RI = (a, c, d, c) and 
R, = (a, c, b, a). If all three vertices are interior to one region then 
the other region is left with a vertex of local degree two. If two vertices 
are in Rj (j = 1 or 2) and one vertex is in Ri (i = 2 or 1) then the vertex 
in Ri can be joined to at most three boundary vertices of Ri . This leaves 
a vertex of Ri with an incidence of at most three. Thus the three interior 
vertices (e, f, and g) cannot be arranged in the graph in any fashion. 
Hence (a, c) cannot be an edge of G. In exactly the same way we can 
show that (b, d) cannot be an edge of G. 
LEMMA 4. Suppose that 7(4) has a planar realization G. Further suppose 
that G is so embedded in the plane that thefour-sided region R = (a, b, c, d, a) 
is the unbounded region, then there exist no 2-paths: 
(a> from a to c except [(a, b), (b, 41 and Na,d), (4 41, 
(b) from b to d except [(b, c), (c, d)] and [(b, a), (a, d)]. 
Proof. Suppose that [(a, e), (e, c)] is a 2-path from a to c, and that e 
is not equal to b or d. This %-path divides the graph into two regions 
RI = (a, e, c, b, a) and R, = (a, e, c, b, a). The two remaining interior 
vertices, f and g, must either both be in Ri (i = 1 or 2) or one in R, and 
the other in R, . In the first case, if both f and g are in Ri (i = 1 or 2) 
then Rj (j = 2 or 1) is left with a vertex of local degree two. If f is in 
Ri (i = 1 or 2) and g is in Rj (j = 2 or 1) then f must be joined to all 
of the four boundary vertices of Ri (in order to have local degree four) 
and likewise g must be joined to all of the four boundary vertices of Ri . 
This, however, leaves a and c with an incidence of five. Thus the only 
2-paths joining a to c pass through either b or d. Analogously we can 
show that the only 2-paths joining d to b pass through either a or c. 
THEOREM 3. 7(4) has no planar realization. 
Prosf. We argue by contradiction. Suppose that 7(4) does have a 
planar realization, say G. As mentioned before G can be embedded in 
the plane so that the four-sided region R = (a, b, c, d, a) is the unbounded 
region. Consider the partial graph H of G consisting of what remains when 
the four edges (a, b), (6, c), (c, d), and (d, a) are removed from G. In H, 
d and b must have local degrees equal to two. Clearly d cannot be adjacent 
to a or c in H since this would give a multiple connection in G. Moreover, 
d is not adjacent to b by Lemma 3. Thus d must be adjacent to two of 
206 OWENS 
three interior vertices e, f, and g. Similarly b must be adjacent to two of 
the three interior vertices e, f, and g. This means that both d and b are 
adjacent to one of the vertices e, f, and g. This gives a 2-path from d to b 
which contradicts Lemma 4. Thus 7(4) has no planar realization. 
Since 7(4) has no simple planar realization, the conclusion of Criterion 1 
is not a sufficient condition for the existence of a simple planar realization 
of a simple incidence sequence. Hakimi [3] was undecided on this question. 
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Next consider regular incidence sequences of the form 2m(5) for m 3 3. 
Criterion 1 shows that for m = 3, 4, and 5 that 2m(5) is non-planar. 
In Figure 2, planar realizations for m = 6, 8, 9, 10, 11, and 13 are shown. 
All m > 6 (except 7) can be written as a sum of these six numbers. Hence 
2m(5) for m 3 6 (except 7) are planar. However, 14(5) is non-planar. 
To show this we need the following lemma: 
LEMMA 5. If 14(5) is planar then any of its simple connected planar 
realizations divide the plane into one four-sided and twenty-two three-sided 
regions. 
Proof. By Lemma 1, if 14(5) has a simple planar realization, then it 
has a simple connected planar realization, say G. The nullity of G is 
twenty-two so G divides the plane into twenty-three regions (with each 
edge adjacent to exactly two regions). If Ni is the number of regions of G 
with exactly i boundary edges then 
2 Ni = 23 
i=3 
and 
f iNi = 70 
i=3 
The only integer solution to these equations is N3 = 22, N4 = 1, and 
Ni = 0 for i 3 5. 
DEFINITION 1. If n = (al ,..., a,) and /3 = (b, ,..., b,) then n @ p is 
the incidence sequence obtained by non-increasingly reordering the 
sequence (a, ,..., a, , bl ,..., b,). 
DEFINITION 2. Let H be the subgraph of a planar graph G which 
consists of all vertices and edges strictly interior to some circuit (Ore [5]) 
of the graph. Suppose that the vertices of the circuit have incidences 
Cl ,..., c, in G and c,‘,..., c,’ in G - H (the graph obtained when H is 
removed from G.) The circuit vertices (in G - H) are said to make a 
demand on the vertices of H of (cl - cl’,..., c, - c,I). The totat demand 
of the circuit vertices on the vertices of H is CL1 (Ci - Ci’). 
THEOREM 4. 14(S) is non-planar. 
Proof. Assume there is a planar connected realization, say G. Stepwise 
construction of G is thus possible. Clearly G can be embedded in the 
ON THE PLANARITY OF REGULAR INCIDENCE SEQUENCES 209 
plane so that the quadrilateral, say Q, is unbounded. Let R, , R, , R, , 
and R, be the four interior triangles (labeled clockwise) bounding the 
edges of Q with respective interior vertices a1 , a2 , 03, and v, . 
We wish to show that the Us must all be distinct. 
Case 1. If two of the interior vertices of adjacent triangles were to 
coincide, a boundary vertex would be completed while incident upon 
only three edges. 
Case 2. If two opposite vertices were to coincide, then two foursided 
interior regions R,’ and R,’ would be left (provided not more than two 
of the vertices vi , i = 1, 2, 3, 4 coincide). Three vertices in the boundary 
of R,’ have an incidence requirement (within R5’) of 1,3, and 1. The fourth 
vertex may have an incidence requirement 0 and 1 with respect to R,’ 
since this vertex bounds R,’ which may contain its missing edge. Havel’s 
algorithm shows that 5(5) + (3, 1, 1) is the n(5) @ (3, 1, 1) incidence 
sequence with the fewest number of 5’s which is simply realizable (i.e., 
for which there exists a linear graph without loops and multiple edges). 
Thus Rg’ must contain five new vertices of incidence 5. The same argument 
shows that R,’ must also contain at least five “new” vertices (of degree five). 
However, there are only seven vertices which are available in our construc- 
tion, for the interiors of R,’ and R,‘. Thus no two opposite vi (i = 1,2,3,4) 
coincide. 
Case 3. If exactly three of the vi (i = 1,2,3,4) were to coincide, 
two of the vertices of Q would be left with incidence three, which is a 
contradiction. If one of the vi (i = 1,2,3,4) were to coincide with one 
of the boundary vertices of Q there would be a multiple edge. Thus the 
vi (i = 1,2, 3, 4) are distinct. At this stage of the construction there are 
eight vertices and twelve edges (four boundary edges and eight interior 
edges). 
Each of the eight distinct interior edges of R, , R, , R, , and R, bounds 
a triangle, say R, ,,.., RI, (labeled clockwise from R,). If two adjacent 
triangles (of the Ri (i = 5,..., 12)) abut upon the same boundary vertex 
of Q, then they must share a common edge. If this were not so the 
boundary vertex would abut upon six distinct edges. Thus we have 
possibly added twelve new edges in our construction and four new 
vertices vg , v, , v, , and v, (labeled so that v1 , vg, v2, v6 , v3, v, , vq , v8 
form a clockwise sequence). 
We wish to show that the four vertices M = {v5, v, , v, , v,} are distinct. 
If two adjacent vertices of M (say vr, and va) were to coincide, we would 
complete a vertex (in this case vJ with only three abutting edges. If two 
582b/x1/3-2 
210 OWENS 
non-adjacent vertices of M were to coincide, say vg and v, , we would 
have a vertex of incidence six, (in this case vr,). 
Let A be the interior of the region obtained when the vertices of Q and 
all their abutting edges are removed. Note that A is bounded by eight 
edges h , vd, (Q , ~3, (v2 , v,>, (Q , v3L (v, , v,>, (v, , cd, (v4 , ~3, (v, , vd 
and that A contains the rest of the vertices of G (i.e., v9 and alo). The 
vertices vi (i = l,..., 8) with respect to A have an incidence demand 
1, 2, 1, 2, 1, 2, 1, 2 on vg and vl,, . 
We wish to show that no edge (vi , vj) (i, j E {1,2,..., 8)) may belong to G 
and A (except the eight listed above). There are several cases to consider 
yet they all reduce to the fact that if (vi , vj) were an edge there would be 
a region with vertices: (vk, ,..., ok,), k, E {l,..., S}, p < 8, making one of 
the following incidence demands on vg and z)i,, : di = (1) dz = (2), 
d3 = (2. I), d4 = (2, 2, l), d, = (2, 1, l), d, = (2, 1, 1, l), or d, = 
(2, 1, 1, 1, 1). By Havel’s algorithm neither (5, 5) @ di nor (5) @ di 
(i = l,..., 7) has a simple realization. Thus (vi , vJ(i,j E (l,..., 8)) is never 
an edge of G interior to A. The eight vertices v1 ,..., us make a total inci- 
dence demand of 12(1 + 2 + 1 + 2 + 1 + 2 + 1 + 2) on vg and v10 
which can supply at most 10 edges (5 + 5). This is a contradiction. Thus 
G cannot be planar. Q.E.D. 
By Criterion 1, there is no simple planar realization of n(k) for k > 6 
and n > k + 1. Hence Table 1 summarizes this section’s results. 
TABLE I 
Wl) planar for n > 1 
n(2) planar for n > 3 
2n(3) planar for n > 2 
44) planar for n > 5 except n = 5 and 7 
2n(5) planar for n > 3 except n = 3,4, 5, and 7 
n(k) non planar for k > 6 and n >, k + 1 
IV. PLANARITY AND INCIDENCE DENSITY 
If only the total number V of vertices and edges E are given, we know 
there is a simple planar graph having exactly this number of edges and 
vertices if and only if E < 3 V - 6. However, the sequence 7(4) shows 
this condition does not guarantee planar incidence sequences. The question 
is whether or not a similar result does hold for incidence sequences. 
ON THE PLANARITY OF REGULAR INCIDENCE SEQUENCES 211 
In other words, how strong a condition must be placed on the length 
and sum of an incidence sequence so that the sequence will be planar? 
THEOREM 5.’ If T = (a, ,..., a,) is a simple incidence sequence such 
that C8?=, ai < 2p then TT is planar. Moreover, two is the smallest number 
with this property. Thus, for every E greater than zero there exists a 
non-planar simple incidence sequence rrr = (b, ,..., b,) such that 
5 bs -c (2 + dq. 
i=l 
Proof. The first part will be by induction on p, the length of the 
sequence. If p = 2, 3, or 4 then n is clearly planar (whenever simple). 
Suppose the result holds for 1 < p < k - 1, and let 7~ = (a, ,..., ak) be 
a simple incidence sequence such that xi”=, ai < 2k. Hence a, < 2, 
since a, < ai for all i. If a, = 2 then 7~ is regular of degree two and thus 
planar. If ak = 1 then rr has a simple realization G with edge (~(a,), v(uk)) 
where v(aJ corresponds to a, and ~(a,) corresponds to a, . Removing 
this edge gives a graph G’ which has a simple incidence sequence Z-‘. 
Moreover, Z-’ satisfies the hypothesis of the theorem, and hence is planar. 
Let G, be some simple planar realization of r’. Adding a new vertex V, to 
G, and a new edge (V, , V(a, - 1)) (where V(u, - 1) is the vertex of G, 
corresponding to a, - 1) gives a simple planar realization of rr and the 
induction is complete. 
To prove the second part of the theorem let n(t) = t2 - 4t - 5 for 
t 3 6, and consider the incidence sequence. n-(t) = (a, ,..., a,(,)) where 
for 1 < i < t + 1, ai = t and for t + 2 < i < n(t), ai = 1. z-(t) is simple 
since the complete graph on (t + 1) vertices together with (t2 - 5t - 6)/2 
copies of the complete graph on two vertices give a simple realization. Let 
I = {l,..., t + l}, 
B = {t + 2, t + 3 ,..., t2 - 4t - 5}, 
gai - 2 ai = t(t + 1) - 0” - 5t - 61, 
which is greater than 6 / I I - 12. Hence by Criterion 1, 7r is not planar. 
t The author wishes to acknowledge this theorem as the result of a collaboration with 
Michael Novey. 
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However, as t increases, 
saa t(t + 1) + (t” - 5t - 6) 
n(t) t2 + 4t - 5 
20 - 3) = (t - 5) ’ 
which can be made arbitrarily close to two. 
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